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The six independent elastic constants (C11, C12, C13, C33, C44, and C66) of single-crystal MgF2 in the rutile
structure have been measured by Brillouin spectroscopy at room temperature from ambient conditions
to 7.4 GPa. Measurements were performed on two monocrystals with perpendicular faces, (001) and
(100). A quasi-linear ﬁt from ﬁnite strain theory was applied to the experimental data revealing the
pressure dependence of the six elastic constants of MgF2. The shear modulus CS ¼ 1/2(C11  C12), and the
aggregate shear (Voigt–Reuss–Hill) modulus G show a softening with increasing pressure, indicating the
approach of the rutile-to-CaCl2-type structural phase transition at P  9 GPa. The adiabatic bulk modulus
(Reuss average) and its pressure derivative have been determined: K0S ¼105.1 70.3 GPa, (∂K0S/∂P)T ¼
4.14 7 0.05. The pressure–volume equation of state of MgF2 was computed self-consistently from the
Brillouin data. Our results are in good agreement with X-ray diffraction data. As the phase transition is
approached, MgF2 becomes strongly anisotropic and develops partially auxetic behavior (a negative
Poisson's ratio in certain directions).
& 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
Magnesium diﬂuoride (MgF2, sellaite) is a simple, archetypical
ionic crystal. It has been used extensively in technical applications
as an optical material, due to its transparency to a very broad
continuous wavelength range, from the vacuum ultraviolet
(  0.120 μm) to the mid-infrared (  8.0 μm) [22]. There has been
strong interest in understanding its high-pressure phase transition. Under ambient conditions it crystallizes in the tetragonal
system, having the rutile structure (point group: 4/mmm, space
group: P42/mnm or D14
4h, with two formula units per unit cell,
Z¼2). This means that it is isostructural to many other AB2
compounds, among them oxides (rutile TiO2, stishovite SiO2,
argutite GeO2 and cassiterite SnO2) and diﬂuorides (MnF2, FeF2,
CoF2, NiF2 and ZnF2). Due to the valence and the ionic radius of the
F  ion, MgF2 should be elastically weaker than its isostructural
oxides, showing similar elastic behavior and mode softening, but
at much lower pressures. On the other hand, since the Mg2 þ ion
has no d electrons, it is expected to have a more ionic character
and a more stable structure than its isostructural transition-metal
diﬂuorides.
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Extensive theoretical and experimental studies have revealed
that these compounds may undergo a series of phase transitions
under the inﬂuence of pressure. The most common is the
pressure-induced phase transition to a structure closely related
to the initial rutile, the orthorhombic Pnnm (Z¼2) CaCl2 structure,
which takes place around 9 GPa in MgF2 [8]. According to Landau
theory, this phase transition should be ferroelastic and of second
order [21]. This transition is characterized by the pressure dependence of the elastic shear modulus, CS ¼1/2(C11 C12), which
describes the softening behavior of the transverse acoustic soft
mode along {110} with B1g symmetry.
Previously, the pressure dependence of the elastic moduli of
single-crystal MgF2 was measured ultrasonically only up to a
maximum pressure of 10 kbar or 1 GPa [25]. It is interesting to
note that the elastic shear modulus CS begins to show nonlinearity
and negative slope characteristics with increasing pressure even at
this low pressure range. These traits are early signs of the rutileto-CaCl2 structure phase transition which eventually takes place at
P  9 GPa [8].
In this paper we report detailed acoustic velocity measurements
of two single crystals of MgF2, with perpendicular (001) and (100)
faces. This procedure leads us to the determination of the pressure
dependence of the six independent elastic constants of MgF2,
namely C11, C12, C13, C33, C44, and C66, from ambient pressure up
to P¼7.4 GPa. A quasi-linear ﬁt from ﬁnite strain theory was applied
to the experimental data revealing the pressure dependence of the
six elastic constants of MgF2. The pressure dependence of the elastic
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shear modulus CS, as well as the pressure dependence of the
aggregate (Voigt–Reuss–Hill) shear modulus G depart appreciably
from linearity in this pressure range (0–7.4 GPa).

2. Experimental procedure
Two double-side polished synthetic single MgF2 crystals, with
(001) and (100) orientations, were purchased from MTI Corp. First,
ambient acoustic velocities were measured as a function of azimuthal
angle in both crystals. The two crystals were then polished to a
thickness r40 μm, and crystal platelets, with sizes  100  100 μm2,
were loaded in a modiﬁed, short-piston cylinder, four-screw Mao and
Hemley diamond anvil cell [15] with an 961 aperture angle.
A cylindrical sample chamber was obtained by machining a 250-μm
diameter hole in a stainless steel gasket preindented to a thickness of
50 μm. The sample was compressed between 500-μm diameter culets,
and a 16:3:1 volume mixture of methanol, ethanol and water was
used as a pressure-transmitting medium. This mixture is known to
remain ﬂuid and provide hydrostatic conditions to at least 10 GPa [1].
Ruby chips were used as pressure markers. Pressure was calculated
from the ruby ﬂuorescence R1 line shift [2,14].
Brillouin scattering experiments were performed in a forward
symmetric (platelet) geometry, which allows determination of the
acoustic velocity independent of the refractive index of the sample
[26]. The inelastic Brillouin scattering effect was excited using 160 mW
of a frequency-doubled, vertically polarized neodymium vanadate
laser (λ0 ¼ 532.15 nm), measured using a six-pass tandem Fabry–Perot
interferometer [13], and recorded by a solid-state photon detector
with 70% quantum efﬁciency in the frequency range of interest. The
signal was processed through a multichannel analyzer and stored in
digital form. A diagram of the experimental set-up is shown elsewhere
[23]. Measurements were performed up to 7.4 GPa. At higher pressures, we observed anomalous velocities, presumably because of
complex structural changes associated with the phase transition, and
here we report only data that are unambiguously in the lowpressure phase.
In the forward symmetric or platelet geometry the Brillouin
frequency shift Δν is related to the acoustic velocity, υ, through the
relation
υ ¼ Δνλ0 =ð2 sin αÞ;

ð1Þ

where λ0 is the incident laser wavelength and α is the external
incidence angle. In all our measurements an external incidence
angle α¼ 351 was used.
The Brillouin shift corresponding to each channel number i of
the spectrum is found as follows:
Δν ¼ ½ð A=λ0 Þ þ ði 1Þ  ð2A=λ0 Þ  ðc=NÞ  FSR ðin GHzÞ;
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achieve well-constrained elastic constants. Even in this case, the
off-diagonal elements C12 and C13 are more poorly constrained
than the longitudinal or shear elements.
Brillouin spectra were collected, from both (001) and (100) face
samples, in 20 to 30 crystallographic directions at the following
pressures: ambient, 2.0 GPa, 3.9 GPa, 6.2 GPa, and 7.4 GPa. Both
quasilongitudinal and quasitransverse modes were detected.
A representative spectrum from the (100) sample at the highest
pressure, P ¼7.4 GPa, for which we were able to get reliable data is
shown in Fig. 1. The Brillouin peaks corresponding to the pressuretransmitting liquid, MEW, and the Brillouin peaks due to diamond
(D) are also shown. The dependence of the acoustic velocities on
the direction (expressed by the in-plane azimuthal angle) at the
highest pressure, P¼ 7.4 GPa, for the (001) and for the (100)
sample are shown in Fig. 2a and b respectively, together with
the non-linear least squares ﬁtting-curve, as described below.
The elastic tensor of magnesium diﬂuoride (point group
4/mmm) is characterized by six independent elastic constants,
C11, C12, C13, C33, C44, and C66 [tetragonal symmetry, class 2) [19].
The acoustic velocity data from the two MgF2 samples, scattering
from their respective (001) and (100) faces, and an initial density,
ρ¼3.178 g/cm3 were inverted using a nonlinear least-squares
ﬁtting to the Christoffel equation, based on the Levenberg–
Marquardt algorithm and the Cardano formulae [6]. The elastic
constants were determined to a precision of  70.5–1% for at
ambient pressures. The precision of the Eulerian orientation angles
for the two samples is estimated to be 731. The inverted elastic
constants permitted us to calculate the Reuss and Voigt bounds
and the Voigt–Reuss–Hill averages [10] of the aggregate bulk and
shear moduli at each experimental pressure.
For the determination of the parameters of a Eulerian ﬁnite strain
(Birch–Murnaghan) equation of state [4] of the individual and
aggregate elastic moduli, and for the determination of the density
at each pressure, an iterative procedure was followed. The aggregate
bulk modulus of MgF2 and its derivative, K0T and (∂K0T/∂P)T,
as derived from X-ray diffraction data [8] was ﬁrst used to calculate
the density at each experimental pressure, using the Birch–Murnaghan equation of state [4,18]. Then the Brillouin data were inverted to
calculate the high-pressure moduli of MgF2, from which the Voigt
and Reuss bounds and the Voigt–Reuss–Hill average of the adiabatic
bulk modulus KS was calculated at each pressure. These data were
ﬁtted to a third-order Birch–Murnaghan equation of state (ﬁnite
strain equation), from which the zero-pressure adiabatic bulk modulus and its derivative, K0S and (∂K0S/∂P)T, were obtained. The
correction from adiabatic to isothermal values of these quantities

ð2Þ

where A is the scanning amplitude of the moving mirrors of the
Fabry–Perot interferometer (typical value for this experiment:
A¼ 560–600 nm). FSR is the free spectral range of the interferometer:
FSR ¼ 1=ð2nDÞ;

ð3Þ

where n is the index of refraction for the optical medium, which is air
in our case, so nE1. D is the (total) spacing between the mirrors. In
these experiments, D¼0.5 cm. c is the velocity of light in vacuum,
c¼3  108 m/s, and N is the total number of channels of the multichannel analyzer.

3. Results and discussion
The longitudinal (C11, C33) shear (C44, C66) and off-diagonal
(C12, C13) elastic moduli of single-crystal tetragonal MgF2, can be
determined by measuring the velocities of acoustic waves along at
least 2 crystal planes, for example along (001) and (100) planes, to

Fig. 1. Representative spectrum of MgF2 in the (100) plane, collected at P ¼7.4 GPa.
LA: quasi-longitudinal acoustic mode; TA: quasi-transverse acoustic mode;
MEW: peaks from the ethanol–methanol–water pressure transmitting medium;
D: peaks from diamond; and R: unshifted Rayleigh line.
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Fig. 2. Quasilongitudinal and quasitransverse acoustic velocities at 7.4 GPa as a
function of crystallographic direction in the (a) (001) and (b) (100) plane. The
azimuthal angle is relative to an arbitrary starting direction an the corresponding
plane. The dashed curves are calculated using the best-ﬁt elastic constants, derived
from the acoustic velocity data through inversion of the Christoffel equation.
Abbreviations are as in Fig. 1.

Table 1
Thermodynamic and thermoelastic parameters of MgF2 under ambient conditions.
ρ0: Density at ambient conditions (Mg/m3), T: temperature (K). .
Source: Sumino and Anderson [24]
Parameter

Value
6

1

Thermal expansivity (α)
37.7  10 K
Grüneisen parameter (γ)
1.2
(∂K0T/∂T)P
 0.02 GPa/K
Conversion formulas :
K 0T ¼ K 0S =ð1 þ αγTÞ
ð∂K 0T =∂PÞT  fð∂K 0S =∂PÞT –½ðγT=K 0T Þ  ð∂K 0T =∂TÞP g=ð1þ αγTÞ

was done using known values of various thermodynamic parameters
of MgF2. (See Table 1 for these values, and for the conversion
formulas from the isentropic to the isothermal parameters). This
procedure led us again to the ambient-pressure isothermal values,
K0T and (∂K0T/∂P)T, (Reuss bounds) from which the density was
recalculated from the Birch–Murnaghan equation of state. This
iterative procedure was continued, until the density converged. Next,
the Cij  ρ data were ﬁt to the ﬁnite strain equations [4] yielding the
ﬁt values of the individual moduli at ambient conditions and their
pressure derivatives.

Fig. 3. Elastic moduli of MgF2 as functions of pressure. Squares are measurements
from this study. The dashed lines are third order Eulerian ﬁnite strain ﬁts to the
individual moduli. Uuncertainties are smaller than the dimensions of the squares
representing the experimental points.

It is interesting to note that the equation of state, as derived
iteratively above, is independent of the initial equation of state,
with the exception of the density at ambient (zero) pressure. The
inversion procedure in this case converged to the ﬁnal solution
after two iterations, starting from the equation of state derived
from values for the K0T and the derivative (∂K0T/∂P)T [8].
The pressure dependence of the six independent elastic constants
of MgF2 is shown in Fig. 3, together with a quasi-linear ﬁt to the
experimental data (dashed lines) from ﬁnite strain theory. The
measured values of the elastic constants at each pressure are also
shown in Table 2. The uncertainties of the elastic constants, representing one standard deviation s from the inverted value, are:
ΔC11 ¼ 71.0%,
ΔC33 ¼ 71.2%,
ΔC12 ¼ 71.3%,
ΔC13 ¼ 73.6%,
ΔC44 ¼ 71.8% and ΔC66 ¼ 71.4% for the highest pressure, P¼7.4 GPa,
of our experiments. Our results for the pressure derivatives ∂C11/∂P,
∂C12/∂P, ∂C33/∂P, ∂C44/∂P, and ∂C66/∂P, are signiﬁcantly lower than the
corresponding ultrasonic values [25]. Only ∂C44/∂P appears to be larger,
as derived from the ultrasonics measurements, than the corresponding ∂C44/∂P value acquired from the Brillouin measurements. At this
point it is useful to note that ultrasonic measurements extend to
pressures up to 1 GPa only.
The values of the Reuss and Voigt bounds and the Voigt–Reuss–Hill
isentropic bulk moduli were calculated from the corresponding values
of the elastic constants at the experimental pressures P¼0 GPa,
(ambient) P¼ 2.0 GPa, P¼ 3.9 GPa, P¼6.2 GPa, and P¼7.4 GPa, using
the formulae [17]:
K V ¼ ½2ðC 11 þ C 12 Þ þC 33 þ 4C 13 =9;

ð4Þ

K R ¼ ½ðC 11 þC 12 ÞC 33  2C 213 =ðC 11 þ C 12 þ 2C 33  4C 13 Þ

ð5Þ

K H ¼ ðK V þ K R Þ=2

ð6Þ

The Reuss-bound data were ﬁtted to a third-order Birch–
Murnaghan equation of state for the isentropic bulk modulus of
MgF2 [4]:
K S ¼ ð1 þ 2f Þ5=2 fK 0S þ ½3K 0T ð∂K 0S =∂PÞT  5K 0S f g;

ð7Þ

where f is the Eulerian strain:
f ¼ ð1=2Þ  ½ðV 0 =VÞ2=3 –1 ¼ ð1=2Þ  ½ðρ=ρ0 Þ2=3 –1:

ð8Þ

From this ﬁt we obtained the (Reuss-bound) values of K0S and
(∂K0S/∂P)T for MgF2:
K 0S ¼ 105:1 7 0:3 GPa; ð∂K 0S =∂PÞT ¼ 4:14 7 0:05
The isothermal values K0T and (∂K0T/∂P)T were derived using the
thermodynamic and thermoelastic parameters of MgF2 as listed in

I.S. Zouboulis et al. / Journal of Physics and Chemistry of Solids 75 (2014) 136–141

Table 2
Elastic moduli of MgF2 as functions of pressure.
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Table 3
Measured bulk modulus (Reuss bound) K0T and its pressure derivative, (∂K0T/∂P)T of
MgF2.

P (GPa)

C11 (GPa)

C33 (GPa)

C12 (GPa)

C13 (GPa)

C44 (GPa)

C66 (GPa)

0
2.0
3.9
6.2
7.4

143.5
152.4
160.1
164.4
166.3

208.8
212.5
219.1
226.3
239.4

93.0
104.7
116.3
133.2
145.8

66.9
74.0
81.1
87.2
88.2

57.8
59.8
59.0
60.5
62.7

96.9
100.1
103.8
112.7
113.7

At elevated pressures, uncertainties are 1–2% for the longitudinal (C11, C33) and
shear moduli (C44, C66), and up to 4% for the off-diagonal moduli (C12, C13).

Present work (Brillouin)
[25] (Ultrasonics)
[8] (X-ray diffraction)
[27] (Theory)
[11] (Theory)
[5] (Theory)

K0T (GPa)

(∂K0T/∂P)T

103.7 7 0.3
100.3
101 73
97
101
105

4.157 0.05
3.8
4.2 7 1.1
3.7

Measured adiabatic moduli have been converted to isothermal moduli. Theoretical
values are at 0 K.
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Fig. 4. Adiabatic aggregate bulk and shear moduli of MgF2 as a function of pressure.
The red squares represent the Hill-average adiabatic bulk and shear moduli from
our data, green triangles and blue diamonds represent the Reuss bound and the
Voigt bound adiabatic bulk and shear moduli from our data, respectively. The red
dashed lines are ﬁts to the Hill-average experimental data in the two cases.
Uncertainties are smaller than the dimensions of the symbols representing the
experimental points. (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this article.)

Table 1, and then following the iterative procedure already
described. The isothermal bulk modulus is 1.4% less than the
adiabatic bulk modulus. The ﬁnal values are:
K 0T ¼ 103:7 7 0:3 GPa; ð∂K 0T =∂PÞT ¼ 4:15 70:05:
The pressure dependence of the isentropic bulk modulus, KS(P),
of MgF2, as derived from our Cij measured values, is shown in
Fig. 4. We note that the difference between the Voigt KV and Reuss
KR bulk moduli, differ only by o1% at all pressures (  1 GPa or
less). The values of K0T and (∂K0T/∂P)T, for MgF2, as derived in this
study, are compared with the corresponding values obtained in
previous theoretical and experimental studies in Table 3. It is easy
to deduce from this table that our experimental values are better
constrained than the bulk modulus and its derivative derived from
ultrasonics or X-ray diffraction data. This is due to the inherent
features of the ﬁtting procedure used to derive these results. In
this case the uncertainty is deduced statistically, from the 1s
standard deviation of the numerical results obtained through the
ﬁtting algorithm. This feature is also clearly seen in Fig. 5, in which
the equation-of-state curve is shown [3,8]:
P ¼ ð3=2ÞK 0T ½ðV 0 =VÞ7=3 –ðV 0 =VÞ5=3 
½1 þ ð3=4½ð∂K 0T =∂PÞT –4  ½V 0 =VÞ2=3  1

2

ð9Þ

The (Reuss bound) isothermal bulk modulus K0T and its
derivative, (∂K0T/∂P)T, as derived from our data [red symbols] and
from Haines's X-ray diffraction data [black symbols] were used to
plot the corresponding ﬁtting curves [red dashed line: ﬁt to our
data, black dashed line: ﬁt to Haines's data]. It is clear that in this

Fig. 5. Birch–Murnaghan equation of state for MgF2 (unit cell volume normalized
to ambient unit cell volume). The red squares represent our Brillouin spectroscopy
measurements, and the red dashed line is a third-order ﬁnite strain ﬁt to these
data. The black triangles are X-ray diffraction experimental data [8], and the black
dashed line is a ﬁt to these diffraction data. The experimental error bars are smaller
than the dimensions of the symobls. The black error bar refers to the dashed black
line, being derived by error propagation. It is calculated from the uncertainties of
the bulk modulus and of the pressure derivative of the bulk modulus from the
X-ray data [8]. (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this article.)

pressure range the difference in the value of P for a given V/V0
between the two curves is  0.1 GPa (  1.5%), which is comparable
to the experimental error for the pressure determination. However, our curve is much better constrained than Haines's equation
of state.
The values of the Voigt–Reuss–Hill isentropic shear modulus
were calculated from the corresponding values of the elastic
constants at each pressure using the formulae [17]:
GV ¼ ð4C 11  2C 12  4C 13 þ 2C 33 þ 12C 44 þ 6C 66 Þ=30

ð10Þ

GR ¼ 15=f18K V =½ðC 11 þ C 12 ÞC 33  2C 213 
þ 6=ðC 11  C 12 Þ þ 6=C 44 þ 3=C 66 g:
GH ¼ ðGV þGR Þ=2

ð11Þ
ð12Þ

The resulting values of the isentropic shear moduli are shown
in Fig. 4.
The values of the shear modulus CS ¼(C11  C12)/2 were calculated from the corresponding values of the elastic constants C11
and C12 (Fig. 6). Both the aggregate shear modulus and CS soften
with increasing pressure, showing that there is an imminent phase
transition. Extrapolation of the trend in CS results in this quantity
reaching zero at  9.5 GPa. This phase transition is the well-known
second order, ferroelastic rutile-to-CaCl2 transition which has been
already studied both theoretically [27] and by X-ray diffraction
experiments [8] for MgF2. The softening of the shear modulus CS is
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which Poisson's ratio is negative at least in certain directions in
the crystal. The directional dependence of Poisson's ratio for MgF2
was calculated using the program ElAM [16]. The minimum
Poisson's ratio obtained from our data ranges from 0 at 1 bar to
 0.34 at the highest pressure. At 7.4 GPa, the direction of minimum Poisson's ratio is [0.59, 0,  0.81] with the corresponding
transverse direction of [  0.81, 0,  0.59]. Thus, MgF2 becomes
strongly auxetic in certain directions under compression as it
approaches the rutile-CaCl2 phase transition.
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Fig. 6. Shear elastic constant CS ¼(C11  C12)/2 of MgF2 as a function of pressure.
The solid squares are our experimental data. The dashed line is a ﬁt through our
data. The error bars are smaller than the dimensions of the squares representing
the experimental points.
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Fig. 7. Elastic anisotropy index AU ¼ 5GV/GR þ KV/KR  6 as a function of pressure.
The solid circles are our experimental data. The dashed line is derived from an ab
initio theoretical calculation of the pressure dependence of the elastic constants of
MgF2 [27]. The error bars are smaller than the dimensions of the circles.

We determined the pressure dependence of the six independent elastic moduli of magnesium diﬂuoride in the pressure range
from 0 (ambient) to 7.4 GPa. This was achieved by measuring the
acoustic velocities of the propagating phonons along two perpendicular [(001) and (100)] planes on two MgF2 tetragonal monocrystals in a diamond anvil cell by Brillouin spectroscopy.
The acoustic velocity data were inverted using a non-linear
least-squares ﬁt to the Christoffel equation to provide the six
independent elastic moduli at the experimental pressures of the
measurements. The ﬁnite strain equations were applied to the
thus determined individual elastic moduli at each experimental
pressure, to obtain the ambient pressure adiabatic individual
elastic moduli and their pressure derivatives.
The aggregate bulk modulus of MgF2 and its pressure derivative
was also determined by ﬁtting the experimental data to the ﬁnite
strain equations. The aggregate isothermal bulk modulus and its
pressure derivative was determined: K0T ¼ (103.770.3) GPa, (∂K0T/∂P)T
¼4.1570.05. These Brillouin scattering data values are inherently
better constrained than the corresponding values of the isothermal bulk modulus and its derivative determined by X-ray diffraction data. The error-propagation uncertainties at the experimental
points resulting from the third-order Birch–Murnaghan equations
of state (EOS) derived from these aggregate values are compared
in the two cases. The shear modulus CS and the aggregate shear
(Voigt–Reuss–Hill) modulus G show a softening with increasing
pressure, indicating the onset of the imminent rutile-to-CaCl2structure phase transition at P  9 GPa. As the phase transition is
approached, MgF2 becomes strongly anisotropic and auxetic,
having a negative Poisson's ratio in certain directions.
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